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r/^ . Abstract 

A 'symbolic dynamical system' is a continuous transformation <3? : X — >X of 
i -^h ■ closed perfect subset X C ,A V , where ^4 is a finite set and V is countable. (Examples 

include subshifts, odometers, cellular automata, and automaton networks.) The 
function $ induces a directed graph structure on V, whose geometry reveals infor- 
mation about the dynamical system (X, <£). The 'dimension' dim(V) is an exponent 
describing the growth rate of balls in the digraph as a function of their radius. We 
show: if X has positive entropy and dim(V) > 1, and the system (A^,X,$) sat- 
' isfies minimal symmetry and mixing conditions, then (X,$>) cannot be positively 

expansive; this generalizes a well-known result of Shereshevsky about multidimen- 
sional cellular automata. We also construct a counterexample to a version of this 
result without the symmetry condition. Finally, we show that network dimension is 
■ invariant under topological conjugacies which are Holder-continuous. 

o 



Let X be Cantor space (the compact, perfect, zero- dimensional metrizable topological 
space, which is unique up to homeomorphism) . A Cantor dynamical system is a continuous 
self-map $ : X — >X. In addition to its intrinsic interest, the class of Cantor systems is 
important because it has two universal properties. First, any t opologi cal dynamical system 



on a comp act metric space is a factor of a Cantor system; see |Kur03l . Corollary 3.9, p. 106] 



or [BS891 . p. 1241]. Second, the Jewet-Krieger Theorem says that any ergodic m easure- 
preserving system can be represented as a uniquely ergodic, minimal Cantor system 
§4.4, p. 188]. 

If A is a finite set, and V is a countably infinite set, then the product space A Y is 
a Cantor space. Thus, any Cantor dynamical system can be represented as a self-map 
$ : A Y — >A Y , or more generally, as a self- map $ : X — >X, where X C *4. v is a pattern 
space (a closed perfect subset of ^4 V ). We refer to the structure (A Y ,X,Q) as a symbolic 
dynamical system. At an abstract topological level, any pattern space X is homeomorphic 
to Cantor space, so a symbolic dynamical system is simply a Cantor dynamical system. 
What distinguishes symbolic dynamical systems is a particular way of representing X as 
a subset of some Cartesian product A v (so that an element of X corresponds to some 
V-indexed 'pattern' of 'symbols' in the alphabet .4). 
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The network of $ is the digraph structure (♦») on V defined as follows: for all v, w £ V, 
we have v«-»w if and only if the value of $(x) w depends nontrivially on the value of x v . 
We say that (V, •->) has dimension 5 if the cardinality of a ball of radius r grows like r s as 
r^oo. (Note that 5 is not necessarily an integer.) For example, if $ : A z — >A Z is a 
cellular automaton, then its network is just a Cayley digraph on Z D ; the dimension of this 
network is D. 

This paper explores the relationship between network dimension and the properties 
of (X, $) as a topological dynamical system. In §[TJ we formally define the dimension 
of a network (V, •->) and the entropy of a pattern space on V. In §|2J we generalize an 
important result of Shereshevsky (later reproved by Finelli, Manzini, and Margara) about 
multidimensional cellular automata. We show: if dim(V, •—>) > 1 (more generally, if 
(V, •->•) has 'superlinear connectivity'), and X has positive entropy and a mild 'mixing' 
condition, and the system (A Y , X, $) has some minimal symmetries, then (X, $) cannot 
be positively expansive (Theorem 12 ,7p . In §21 we consider the propagation of a symbolic 
dynamical system, and its relationship with sensitivity and equicontinuity. In §HJ we show 
that a 'naive' generalization of Shereshevsky's result cannot be true, by constructing a 
positively expansive symbolic dynamical system with network dimension two. Thus, any 
result similar to Theorem 12.71 must impose at least some additional technical conditions. 

The counterexample in §H also shows that network dimension is not invariant under 
topological conjugacy; thus, it cannot be treated as a structural property of an abstract 
Cantor dynamical system (X, $). However, in §5], we propose to augment the system (X, $) 
with a metric which is Lipschitz for $; we show that network dimension is a structural 
property of this 'metric' Cantor system, as it is invariant under all biHolder conjugacies 
(Corollary 15. 8p . Sections [2HS] are logically independent, and can be read in any order. 

1 Preliminaries 

Let A be a finite set (called an alphabet) endowed with the discrete topology. Let V be 
a countably infinite set of points (called vertices). Endow A Y with the Tychonoff product 
topology. A pattern space is a closed perfect subset X C A Y . A symbolic dynamical system 
is triple (A Y , X, $), where X C A Y is a pattern space and $ : A Y — >A Y is a continuous 
function such that &{X) C X. (Sometimes we will simply indicate this as (X, $) when A 
and V are clear from context.) 

Example 1.1. (a) Let Y = Z D x N E for some D,E > and let X C A z ° xfqE be a 
subshift (i.e. closed, shift- invariant subset). Then X is a pattern space. Fix z £ Z D x N E , 
and let a z : A z ° xNE — >A z ° xNE be the associated shift map. Then (A z ° xNE , X , a z ) is a 
symbolic dynamical system. 

(b) Let V = IP x N E , and let $ : A z ° xnE — >A z ° xNE be a cellular automaton (CA) —i.e. 
a continuous, shift-commuting map. Then (A zDxNE ^) is a symbolic dynamical system. 
More generally, if X C A z ° xnE is any ^-invariant subshift, then {A z ° xnE , X, $) is a 
symbolic dynamical system. 

(c) For all v £ V, let A v C A Let := rivev^v; then A" is a pattern space. If $ : X — >X 
is a continuous self-map, then (A Y , X, $) is a symbolic dynamical system, sometimes called 
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an automaton network, because it can be interpreted as an infinite network of interacting 
finite-state automata. 

(d) Gromov has initiated a study of 'proalgebraic' dynamical systems, which are (loo sely 



speaking) projective limits of polynomial self-mappings of algebraic varieties [Gro99j . If 
the base field F is finite (e.g. F = Z/ p ), then a 'proalgebraic space' can be represented 
as a pattern space with alphabet F; hence a proalgebraic system is a symbolic dynamical 
system. (} 

The analysis of subshifts and cellular automata depends heavily on the highly symmetric 
structure created by shift-invariance. Likewise, Gromov's analysis of proalgebraic systems 
requires a structure of 'local' symmetries (called holonomies). We will also make use of 
some minimal symmetry assumptions in £j2j However, in general, symbolic dynamical 
systems do not have any appreciable symmetries. 

For any x G X and U C V, we define x w := [x u ] ue u G A v ; we then define Xg '■ = 
{xu ; x G X} C A v . A function 7 : A v — >B is proper if 7 depends nontrivially on every 
coordinate in U. Formally: for every v G U, there exist a, a' G A v such that: (1) a u = a' u 
for all u G U \ {v}; (2) a v ^ a' v ; and (3) 7(a) ^ 7 (a'). 

Lemma 1.2 Let (A Y , X,<&) be a symbolic dynamical system. Then for all v G Y, there 
is some finite subset U(v) C V and a proper function : A^^ — >A such that, for any 
xE X, $(x) v = v (x u(v) ). 

Proof. For each v G V, the existence of a local rule V is proved by exactly t he same 



argument as the Curtis-Hedlund-Lyndon theorem for cellular automata (see e.g. |Kur03l . 
Theorem 5.2, p. 190]; observe that the construction of the local rule does not depend on 
shift-invariance). The difference is that there may be different local rules at different 
vertices. □ 



The set U(v) is called the input neighbourhood of $ at v, and denoted <3? in (v). The 
function </> v : „4*™M — >A is called the local rule of $ at w. 

Example 1.3. (a) If $ : A z ° — >A %D is a cellular automaton, then Corollary 11.21 plus 
shift-invariance yields the Curtis-Hedlund-Lyndon theorem. 

(b) Fix 4eN and let A := [0...A). Let m := (m ,m 1 ,m 2 , . . .) be a sequence of natural 
numbers in [1...A]. Let V := N, and let X := {a G -4 N ; < a v < m v , V v G V}. 
Let $ : X — >X be the m-ary odometer jKurpj §4.1, p.136]. Then $ in (0) = {0} and 



b : A — >A is defined by 4>o(a ) := (a + 1) mod m . Meanwhile, for all N > 1, we have 
$. n (AT) = [0...N], and (j) N : A [0 - N] — >A is defined by 

, , N f (a N + 1) mod m N if a n = m n — 1, Vn G [0...iV); A 

Mao,a!,...,a N ) := | ^ otherwise _ 
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Figure 1: The network of an odometer. 



Directed graphs. Let V be a set of 'vertices'. A directed graph (or digraph) structure 
on V is a binary relation ( •->) on V (i.e. a subset ( •->) C V x V). For any v, w G V, we 
write "v»->w" if (v, w) G (•-+)• More generally, we say v is upstream of w ("v ~» w") if 
either v = w, or there is a directed path v = Vo «-> Vi v n = w. The relation 

is a partial order (it is reflexive and transitive). We write v w if v ~> w and w ~> v. 
Thus, (<-—>) is an equivalence relation; the (*w*) -equivalence classes of V are called the 
biconnected components of (V, •->). We say that (V, •->) is biconnected if v > w for all 
v, w G V. 

Let (~) be the smallest equivalence relation on V which contains (♦*). Equivalently, for 
any u, w G V, we have u ~ w if either (1) u ~» w; or (2) w u; or (3) (inductively) there 
exists some v G V such that u ~ v ~ w. The (~) -equivalence classes are the connected 
components of V; if v ~ w for all v, w G V, then we say that (V, •») is connected. 

If $ : ^4 V — >A Y is any continuous function, then we can define a digraph relation (•->) 

on V by ^v«->wj ^> $ ia (w)\ where $ in (w) is as defined by Lemma [1.21 above. This 
digraph is called the network of $. 

Example 1.4. (a) Let $ : xNB — ^z D xN B ^ e a ce n u ] ar automaton; then the network 
of $ is a Cay ley digraph on 7h D x N e . 

(b) Figure [1] depicts the network of the odometer $ : A N — >A N from Example 11.3( b). <0 

Connectivity dimension. Let (V, •->•) be an infinite digraph (e.g. the network of a 
continuous function $ : A Y — >A Y ). For any subset U C V, define B(U, 1) := U U 
{v G V ; 3 u G U : v^u}. Then inductively define B(U,n + 1) := B[B(U,n), 1] for all 
n G N. Thus, B(w, 1) := {w} U $ in (w), and B(w, r) is the set of all v G V such that there 
exists some path v = vi V2 v s = w with s < r. For any v G V, we define 

dim (V, •->) := liminf ^°&J^( v ' r )l anc [ dim v (V, ♦») := limsup J^( v, r )l # m 
r^oo log(r) r ^oo log(r) 

If dim v (V, •->) = dim v (V, •->), then we refer to their common value as "dim v (V, •->)", the 
connectivity dimension of (V, •->) at v, and we say that (V, •->•) is dimensionally regular at v. 
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Example 1.5. For all r G N, let /? v (r) 
(a) Let 5 G [0, oo), and suppose 







< 



lim inf 

r— >oo 



< 



lim sup 



/3v(r) 



< 



oo. 



(For example, suppose /3 v (r) = C r 5 + p(r), where C is a constant and p is a polynomial of 
degree less than 5.) Then dim v (V, ♦») = 5. 

(b) Likewise, if (7, 5, A > 0, and /? v (r) = C r 5 ■ log(r) A , then dim v (V, ♦») = 5. 

(c) Let c> 0. If /3 v (r) = c r , then dim v (V, •*) = oo. 



Let dim(V, *») := sup {dim v (V, *») ; v G V} and dim(V, *+) := inf {dim v (V, f+);vG V}. 
If dim(V, •->) = dim(V, •->), then we refer to their common value as "dim(V, •->)", the 
(global) connectivity dimension of (V, *»), and we say that (V, •») is dimensionally homoge- 
neous. (This implies that (V, •-*•) is everywhere dimensionally regular.) 

Example 1.6. (a) If TL D has the obvious Cayley digraph structure, then dim(Z D ) = D. 

(b) Let (N, •->) be the digraph in Figured] (the odometer). Then dim(N, •+) = 0, because 
for all figN, and all r > 1, we have |B(n, r)| = n + 1 (because B(n, r) = [0...n]). 

(c) If (V, «->) is the Cayley digraph of a group then dim(V, is the 'growth dimension' 
of Q. More generally, if (V, «->■) is any graph whose automorphism group acts transitively, 
then (V, •->) is 'almost' a Cayley d igraph; for a survey of the well-developed dimension 
theory for such graphs, see |MW89l . §5] or |lS9l| . 



The dimension of a Cayley digraph is always an in teger. H owever, there exist 'self- 
similar' graphs with fractional connectivity dimensions McC91l |. Connectivity dimension 
is closely rela t ed to propert ies of diffusion processes and electrical conductance on graphs 



Tel89, Tel90. Tel95l . iTelOll ]. the existence of periodic points in 'maj ority yqte' ne tworks 



Mor95l . iGHOOl ]. and also arises in certain models of quantum gravity [NR99I . INR98 



Not all digraphs are dimensionally regular. For example, consider a digraph which 
consists of increasingly large 'clumps' which are spaced at increasingly long intervals along 
an infinite line-graph; by making the clumps and the intervals between them grow fast 
enough, one can force dim v (V, •->•) = 1 while dim v (V, •->) > 1 for some v G V. (However, 
examples like this are highly contrived; probably, most 'natural' examples are dimensionally 
regular.) 

Furthermore, not all connected, dimensionally regular digraphs are dimensionally ho- 
mogeneous. For example, let Vi = Z be a biconnected Cayley digraph of Z, and let 
V2 — Z 2 be a biconnected Cayley digraph of Z 2 . Let V = Vi U V 2 , with connections 
n«-»(n, 0) for all n G Z = Y±. Then Vi and V2 are biconnected components of V, with Vi 
upstream from V 2 - Clearly, dim v (V/ c ) = k for all v G and k = 1, 2. 

Lemma 1.7 Let (V, •->) be a digraph. If v w, then dim v (V, •->) < dim w (V, •->) and 
dim" v (V, ♦>) < dhrI w (V, •*). 
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Proof. If v ~» w, then there exists i? > such that v G B(w, i?). Thus, for all r G N, we 
have B(v, r) C B(w, R + r), hence |B(v, r)\ < \M(w, R + r)\. Thus 

dhn.(V,H := liminf!*^ < ha^W + 'H ^ + 



log(r) r->oo log(-R + r) log(r) 
log(i2 + r) J V™ M r ) / 



Hence dim v (V, •+) < djm w (V, •->). Likewise, dim v (V, •+) < dim w (V, •->). □ 

If W C V is a biconnected component of (V, •->), then Lemma 11.71 says that every 
vertex in W has the same connectivity dimension. In particular, if (V, •->) is biconnected 
and dimensionally regular, then it is dimensionally homogeneous. 

Entropy. Let (V, •->) be a digraph, and let X C *4. v be a pattern space. For any v G V, 
we define the lower and upper topological entropies of Af around v by: 

h v (X) := liminf lQ g 2 l^(v r )l and ^ ;= nm log.j^ )| _ 

_vV ^ ™ |B(v,r)| vV ; ^00 |B(v,r)| V ; 

Clearly, < h v {X) < h v (X) < log 2 \A\. Let h(X) : = inf h v {X) and A(^) := sup K(X). 

V6V vg y 



2 Positive expansion versus network connectivity 

An abstract Cantor dynamical system (X, $) is posexpansive if it is topologically conjugate 
to a one-sided shift. In particular, let (A Y , X, $) be a symbolic dynamical system. Fix a 
finite subset W C V, let B := A w and define the function $^ : X — >B N by ' 

$w( x ) := [x w , $(x) w , $ 2 (x) w , $ 3 (x) w , ...], foraJlxe-V. 

Then (X, $) is posexpansive if and only if there is some finite subset W C V (called a 
posexpansive window) such that the function <3>^ is an injection. If y := &^[X] C £> N and 
cr : £> N — >£> N is the shift map, then cr(y) C ^, and $^ is a topological conjugacy from 
(X, $) to the system (^, a). 

For any W C V and T G N, define ${J'" T] : A? — ►fil - 2 ! by 

$^- T] (x) := [x w , $(x) w , $ 2 (x) w , . . . , $ T (x) w ], for all xG^. 
LetW T :={vGV; Vx,x'G X, (<- T] (x) = <" ri (x')) (*v = <)}- Thus, 

for all x, x' G (<- T] (x) = <" T1 (x')) =^ (x w ^ = x^ T ) . (3) 

Then we have W = W° C W 1 C W 2 C W 3 C • • •; the sequence {W£}£ is called the 
(X, &)-panorama of W. Clearly, W is a posexpansive window for $ if and only if 

oo 

|JW* = V. (4) 

t=o 

6 
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y / /////,// / / y / / / J. / ./ / / ■ 




(B) 

Figure 2: Example 12. 2( b). 



Shereshevsky has shown that multidimensional cellular automata can never be posexpan- 
sive. To be precise, he showed: if (G, •) is any group with growth dimension D > 2 (e.g. 
G = Z D ), and X C /4. G is a subshift with positive topological entropy, and $ : y4 G — >.4 G 
is an A f-preserving cel lular au tomaton, then the system (X, $) is not posexpansive; see 
She93l . Corollary 2] or She96l. Theorem 1.1]. The special case when G = Z D and X = A z 



was later reproved in [FMM98I . Theorem 4.4]. In this section, we will generalize this result 
to any symbolic dynamical system satisfying some mild symmetry and mixing conditions. 

Let (V, •->) be a digraph. A injection r : V — >Y is a subisometry if, for all v, w G V, 
(v«->w) -<=>- (t(v) «->t(w)). Thus, for all v G V and r > 0, we have r[B(v,r)] C B[r(v),r] 
(with equality if r : V — >V is surjective). The map r induces a surjection r* : A Y — >A Y 
defined by r*(a) := a' where a' v := a r ( v ) for all v 6 V. Let C yl v be a pattern space; if r 
is a subisometry and t*(X) = X, then we say r is a subsymmetry of X. 

Example 2.1. Let V = Z D x N s for some D, E > (or some other finitely generated 
monoid), with the Cayley digraph structure induced by some finite generating set. Fix 
w G V, and define the shift map r w : V — >Y by r w (v) := v + w; then r is a subisometry of 
the Cayley digraph. If X C ^ zDxNB is a subshift, then r is a subsymmetry of X. 

Note. Subsymmetries of X are not necessarily injective. For example, the unilateral shift 
on A N is a subsymmetry, but it is many-to-one. <0 

Let (A Y , X, $) be a symbolic dynamical system. A subsymmetry of (A v , X, $) is a 
subisometry r : V — >V such that r*[Af] = X and o $ = $ o r*. 

a) Let V = Z D x N E (or any other finitely generated group), let X C 



Example 2.2. 

y4. z xN be a subshift, and let $ : A £ " xN " — ^"x^ an Af-preserving cellular automa- 
ton. Then any (Z D x N s )-shift is a subsymmetry of the system (A zDxNE , X, $). 

(b) Let ip : /A. x yA. — ^74. be a binary operator (e.g. a group operator). Let (A Y , <E>) be 
an arbitrary symbolic dynamical system (perhaps with no symmetries), such as the one 
in Figure EJ^A). Define V := V x Z, and identify A Y with (A Y ) Z in the obvious way; a 
generic element of A Y could be indicated as a := [a n ] ng ^, where a™ G A Y for all n G Z. Let 
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cr : (A Y ) Z — >(A Y ) Z be the shift map; then a is a subsymmetry of ^4 V . Define $ : A Y — >A Y 
by $[a] = b, where 6™ = ?/>[$( a") v , a™ +1 ] for all n G Z and v G V; this yields the connection 
network in Figure [2]^B). Then a is a subsymmetry of (*4 Y , $). <0 

We say that the pattern space X has weak independence if there is some constant e > 
such that, for any disjoint balls B 1; . . . ,M N C V, 

N 

log 2 \X Ml 

U—LM N \ e£>g 2 |* B J. (5) 

71=1 

This can be seen as a kind of 'topological mixing' condition — it means that the information 
contained in balls Bj, . . . , Bn_i has limited power to predict the contents of ball Bjy. 

Example 2.3. For all v G A, let A y C A be a subset of cardinality at least 2. Let 
X : = rivev^v C *4. v ; then h(X) > 1, and X has weak independence. 

In particular, the space X = A Y itself satisfies weak independence. <C> 

For any v ~ w G V, let (i(v, w) be the length of the shortest undirected path from v to 
w; then d is a metric on each connected component of V. (If v/w, let d(v, w) := oo). For 

d\v, T n (v)] 

any v G V, let speed (v, r) := lim . 

Lemma 2.4 (a) For any v, w G V, we have d [t(v), t(w)] < <i(v, w) (with equality if 
t : V — >Y is surjective). 

d[v, r n (v)l 

(b) For any v G V, we have speed(v, r) = inf — . 

nGN n 

(c) For all v, w G V, «/ v ~ w, t/ien speed(v, r) = speed(w, r). 

Proof, (a) Let (v , v 1; v 2 , . . . , vjy) be a minimal undirected path from v to w (i.e. v = v, vjy = 
w, and either v n _!«->v n or v n «^v n _x for all n G [1..JV]). Then (r(v ), r(vi), . . . , r(v^v)) 
is an undirected path of length N from r(v) to r(w). (However, there may exist shorter 
paths from r(v) to r(w) which do not arise as r-images of paths from v to w). 

(b) is because the sequence {d[v, r n (v)]}^L 1 is subadditive: 

d[v, r" +m (v)] < c/[v,r n (v)] +rf[r"(v),r n+m (v)] < d[v, r n (v)] + d[v, r m (v)]. 

(A) m 

Here (A) is the triangle inequality, and (@) is by part (a). 

To see (c), let r := d(v, w) (finite because v ~ w). Then for any nGN, 

d[v, r n (v)] < d[v, w] + d[w, r n (w)] + d[r n {w), r n (v)] 

(A) 

< d[v, w] + d[w, r n (w)] + d[w, v] = d[w, r n (w)] + 2r. 
Thus, speed(v, r) := lim — — — < lim ^ - — = speed(w, t). 



LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL 

Figure 3: Example 12.5( b). 

Here, (@) is by part (a), and (f) is because d[w, v] = d[v, w] (because the definition of d 
is symmetric) and d[v, w] = r. A symmetric argument yields speed(w, r) < speed(v, r). 
Thus, speed(v, r) = speed(w, r). □ 

Lemma \2. 4( b) says the limit defining speed(v, r) exists for all v £ V. We say that r is a 
moving subsymmetry if speed(v, r) > for all v £ V. [Lemma 12.4( c) implies that it suffices 
to require speed(v, r) > for at least one v in each connected component of (V, •+).] 

Example 2.5. (a) Let V = IP with the Cayley digraph structure induced by the standard 
generating set {(±1, 0, 0, . . . , 0), (0, ±1, 0, . . . , 0), . . . , (0, . . . , 0, ±1)}. If z = (z u ...,z D )e 

Z D , and o = (0, . . . , 0), then d(o, z) = \ Zl \ H h \z D \. Let cr z : Z D — >Z D be the shift 

map. Then speed(cr z ,v) = d(o,z) for all v £ Z D . Thus, all nontrivial shifts are moving 
symmetries of *4. v . 

(b) Let V = ZxN, with the digraph structure shown in Figure [3j Here, for any (z, n) £ V, 
we have (z, n) (z, n') whenever n' = n ± 1, and we also have (z, n) •->■ (z', n) whenever 
z' = z+2 n . Thus: ■ • • •* (-1, 0) ♦* (0, 0) ^ (1, 0) ♦* (2, 0) ♦* (3, 0) ♦* • • and • • • ♦* (-2, 1) ♦* 
(0, 1) •* (2, 1) •* (4, 1) •* (6, 1) •* ■ ■ and • • • (-4, 2) ** (0, 2) ♦* (4, 2) ♦* (8, 2) ♦* (12, 2) •+ 
■ ■ •, etc. Define subisometry r : V — >Y by t(z, n) = (z + 1, n). Then speed(r, v) = 0, for 
all v £ V, because for any k £ N, there is a path from v to of length at most 2k + 1. 

Thus, t is not a moving subsymmetry. (} 

|B(v,r)| 

In a digraph (V, «->), a vertex v £ V has superlinear connectivity lilimmi = oo. 

r— >oo r 

Example 2.6. (a) If dim v (V, > 1, then v has superlinear connectivity. (For example, 
if V is a Cayley digraph of a group with growth dimension D > 2, then every vertex has 
superlinear connectivity.) 

(b) If v ~> w and v has superlinear connectivity, then w has superlinear connectivity. <} 

The main result of this section is the following: 

Theorem 2.7 Let (A Y , X, $) be a symbolic dynamical system with a moving subsymmetry. 
If X has weak independence, and there exists some v £ V with superlinear connectivity such 
that h\{X) > 0, then the system (X, $) is not posexpansive. 
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Before proving Theorem 12.71 we give two concrete corollaries. 

Corollary 2.8 Let (A Y , X, $) be a symbolic dynamical system with a moving subsymme- 
try, such that X has weak independence. Suppose that either 

(a) h(X) > and dim (V, ♦») > 1; or 

(b) (V, **) is dimensionally regular, h(X) > 0, and dim(V, •->) > 1. 
Then the system (X, $) is not posexpansive. 

Proof. Recall: if dim v (V, •->) > 1, then v has super linear connectivity. 

(a) There exists v G V with h v (X) > 0, because h{X) > 0. But v also has superlinear 
connectivity, because dim ,, (V, ♦+) > dim(V, •->) > 1. Now apply Theorem 12. 71 

(b) There exists v 6 V with dim v (V, ♦») > 1, because dim(V, •->) > 1. Thus, dim v (V, •+) > 
1 also, because (V, •->) is dimensionally regular. Thus, v has superlinear connectivity. 
Also, h v (X) > h v (X) > h(X) > 0. Now apply Theorem O □ 



Corollary 2.9 Let $ : ^4 V — >A V be a continuous self-map with a moving subsymmetry. 
If dim (V, ♦*) > 1, t/ien the system (A Y , $) is not posexpansive. 

Proof. If X = A Y , then clearly ^ has weak independence, and h(X) = log 2 |^4| > 0. Now 
apply Corollary 12.8( a). □ 

The proof of Theorem 12.71 consists of two lemmas concerning the 'entropy' of a pattern 
space relative to a subsymmetry. Let X C A Y be a pattern space and let r : V — >V be a 
subsymmetry of X. For any finite F C V, we define 



1 N 

h{X,r,¥) : = limsup — log 2 1 X ¥{N) I , where F(JV) := I J r"(F) C V. (6) 

We then define the upper r-entropy of X by 

fc(#,r) := sup h(X,r,W). (7) 



FCV 
finite 



Lemma 2.10 Let (V, •-») be a digraph, and let X C ^4 V 6e a pattern space with weak 
independence. Suppose there exists v e V mi/i superlinear connectivity and h v (X) > 0. // 
r : V — >V is any moving subsymmetry of X , then h(X,r) = oo. 

Proof. Let e > be as in equation Let S := speed(r, v) > 0. 

S e 

Claim 1: For any r > 0, we have h[X, r, B(v, r)] > — log 2 |^B(v,r)|- 
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Proof. Let m := \2r/S], then the points {v, r m (v), r 2m (v), r 3m (v), . . .} are all at least 
2r-separated, byLemma[22](b). Thus, the balls {B(v, r), B(r m (v),r), B(r 2m (v), r), . . .} 
are all disjoint. Let F := B(v, r); then for any n G N, we have r nm [F] C B(r nm (v), r) 
(because r is a subisometry of V). Thus, the sets {F, r m (F), r 2m (F), . . .} are disjoint. 

Nm N 

For any iV G N, let F(iVm) := (J r fc (F); then F(iVm) D |J r nm (F). Thus 

fc=0 n=o 



TV 

log 2 |^F(jVm)| > e • 2^1og 2 |Af r nm (]F) | = eiVlog 2 |Ar F | 
(*) ~i 



n=l 

where (*) is by equation (j3J), and (f) is because r is a subsymmetry of X (so |A F | = 
|A^ T fe( F )| for all feeZ). Combining equations (jSJ) and we get 

7i( A", r, F) : w lim sup \- log 2 I X ¥ , N) I > lim sup -J— log 2 I A' F(7Vm) I 

. ,. e ^ i i - , I e . . Se . . . 

JgJ N^ooNm m w 4r 

as desired. Here, (*) is because m := ^r/S"] < Ar/S. O ciaim 1 

It follows from defining equation (JTj) that 

h[X,r] > sup /i[A, r, B(v, r)] > limsup h[X,r,M(v,r)] > limsup — log 2 | A B ( v r ) | 

IT1 reN r— >oo (t) r^oo 4r 

5e log 2 |AB( v ,r)| |B(v,r) 
limsup — 



4 |B(v,r)| r 

> ^- (limsup lQg2 I Vfliminfg^ 

" 4 ^ r _oo |B(v,r)| y V ™ r 

_ f Seh v (X) \ . |B(v,r)| 

Tor hm ml = oo, 

U y 4 y r^oo r W 

as desired. Here, (f) is by Claim [U and (*) is because h v (X) > and (V, •->) has 
superlinear connectivity at v. □ 



Lemma 2.11 Let (*4. v , A, $) symbolic dynamical system with a subsymmetry r : V — >V. 
If h(X, r) = oo, then (X, $) is not posexpansive. 

Proof, (by contradiction) Suppose (X, $) is posexpansive. Let Wo C V be a posexpansive 
window, with panorama {W }^ . For any n G N, let W n := r n (Wo), and for all £ G N, 
let := r n (W ). 

Claim 1: For all n G N, {W^}^ is the panorama of W n . 
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Proof. For any x, x' G Af, and any T G N, we have 

^ ($ t (x) w „ = $V)wn, V t G [0...T] 
r"o*'(x) ■„ -r n o$*(x') Wo , V* G [0...T] 
$* o r"(x) Wo = $* o t™(x')w , V i G [0...T] 
«- T] [r«(x)] = <' T1 [r«(x')] 



(t) 



(*) 



r"(x'), 



x wr - X. 



as desired. Here (*) is by statement ([3]), because {Wq}^ is the panorama of W , and 
(f) is because $ o r n = r n o $, because r is a subsymmetry of (*4. v , Af, $). O ciaim 1 



Claim 2: (a) There exists T G N sucii that 

(b) For all it e N, we have W\ C W„ +i . 

(c) For all n G N, we Lave W n C W£ T . 

(d) For all n,teN, we have W l n C 



jnT+t 



Proof, (a) follows from equation (jl]). To see (b), let x, x' G A\ Then 



[0...T-K] 



(x) = $ 



[°- W] fx- 



(t) 



(*) 



(o) 



^;- T+s] fx) 



..T+s], 



x') for all s G [0...t] 



<;- T] [$ s (x)] = <f ] [^(x')] for all s G [0...t] 
$ s (x) w t = $ s (x') w t for all s G [0...t] 
$ s (x) Wl = $ s (x') Wl for all s G [0..i] 

^Wi W — ^Wi l x ) I lip 



Thus, W£ C Wq +4 , as desired. Here, (*) is by statement ((3D, because {W(,}^ is the 
panorama of W . (f) is because ${^ T+sl (x) = $£;; Tl [$ s (x)] (and likewise for x'). 

(@) is by part (a). Finally, (o) is by definition of <£>^'"^(x), and (f) is by statement 
(ED and Claim 1. 

(c) (by induction on n) The case (n = 1) is Part (a). Now suppose inductively that 
W n C Wf. Then W n+ i = r(W„) C r(Wf) = Wf C Wf +T = w{," +1)T . Here, (f) 
is by the induction hypothesis, and (*) is by part (b). 

(d) is the same argument as in part (b), but using part (c) instead of part (a). O ciaim 2 

Now, for any H > 0, we can find some finite subset F C V such that h(X,r,¥) > H 
(because h(X,r) = 00). Equation (jlj) yields some t such that F C Wq. Thus, for any 
JVgN, and all n G [0..JV], we have 



T 



C T n \ 



W* C Wf +t C W^ T+ 

(*) u (t) 
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where (*) is by Claim 2(d), and (f) is because nT + t< NT + 1. Thus, 



A' 



if ¥(N) := |Jt"(F), then 



jNT+t 



D ¥(N). 



n=0 



Thus, 



log 2 



[0...NT-H] 



> log 2 

(*) 



> log 2 I Xw(N) | 
(t) 



(9) 



(10) 



Here, (*) is because statement ([3]) yields an injection from X w NT+t into $>^' Q NTH \x); 
meanwhile (f) is by equation ©. Let B : = .4 Wo and y := <$>^ (X) C B n . Then 

h{y,a) := hmsup — > hmsup 

M->oo M N^oo iVi + t 



lim sup 

N->oo 



log 2 



lim sup , , 



NT + t 
N 



. logs Mi(iv) 
> hmsup — — ^ 1 

(t) A^oo -/V T + t 



logs | ^F(AT) | 

N 



_ h{X,r,¥) H 
(t) j 1 > T 7 ' 



Here, (f) is by equation ffTUj) . and (f) is by defining equation (jSJ). Now, if can be 
made arbitrarily large, because h(X,r) = oo. Thus, letting H-^oo in equation (fTTj) . we 
conclude that ^.(3^, cr) = oo. 



But clearly, h(y,cr) < log 2 \B\ = log 2 
are finite. Contradiction. 



/o| • log 2 |^4| < oo, because A and 



□ 



Proof of Theorem \2. 7[ Combine Lemmas 12.101 and I2.11[ 



□ 



Remarks, (a) Observe that Lemma 12.111 is really a statement about (X, <3>) as an ab- 
stract Cantor dynamical system with a subsymmetry; it does not depend on any specific 
representation of (X, $) as a symbolic dynamical system (i.e. any specific embedding 
X C A Y for some A and V). As such, Lemma [2.111 is an interesting result in itself. 

(b) Theorem 12 . 71 applies even if r and its iterates are the only symmetries of (*4 V , X, $). 
In particular, we do not require the symmetry group of (^4 V , X, $) to itself have growth 
dimension greater than 1. 

(c) The 'weak independence' condition in Theorem 12.71 and Lemma 12.101 is probably 
not necessary. (}. 
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3 Propagation, Sensitivity, and Equicontinuity 



If <3> : A v — >A Y is continuous, then for all t G N, the function $* : A Y — >A Y is also 
continuous; hence we can apply Lemma [1.21 to define input neighbourhoods $^(v) C V for 
all v G V. The propagation of $ at v is the function p v : N — >N defined by 



p v (T) : = ^-^(v) , where $iL°'" T1 ( v ) : = U $ ^ v )' for all T G N. (12) 



jo...T,, v; 

i=0 



Clearly, p v (T) < |B(v,T)| (because for all t < T, we have $*(v) C B(v,T)). In general, 
this inequality may be strict. 

Let (*4 V , X, $) be a symbolic dynamical system, and let v G V. A point x G A" is 
v-sensitive if there exists a sequence {x n }™ =1 C A with lim x n = x, such that 

For all n6N, there is some t G N with $*(x n ) v 7^ $'(x) v . (13) 

We say that x is a sensitive point if it is v-sensitive for some v G V. (If d is any compatible 
metric on X, then there is some e such that, for all x, y G A", 7^ y v j =^ ^(x, y) > e 
thus, this definition is equivalent to the ordinary metric definition of 'sensitivity'). 

Proposition 3.1 Let (^4 V ,A',$) be a symbolic dynamical system. 

(a) Let v G V and suppose $ has propagation p v at v. Then ^p v is unbounded^ -<= 
(Af, $) /ias a v-sensitive point) . 



(b) (A", $) /ias a sensitive point if and only if there exists v G V with unbounded 
propagation. 

Proof, (a) For all r G N, there exists T(r) G N such that p v [T(r)] > |B(v, r)|, which 

means there is some t(r) G [O...T(r)] with ^t (r) (v) £ B(v,r). Let w G $* n (r) (v) \B(v,r). 
The local rule 0* : ^4* in ^ — is proper, so there exist y r , z r E X such that 

(a) ^ = <, for all UG V\{w}; but (b) $' (r) (y r )v ^ $* (r) (Ov 
Now, B(v, r) CV \ {w} by construction, so condition (a) means that 

' r (v,r) = Z B(v,r)- (14) 



Since X is compact, we find some increasing sequence {r n }^ =1 G N such that the sub- 
sequence {y r "}^ =1 converges in X to some point x. Equation ( |T4"1) implies that the 
subsequence {z rn }™ =l also converges to x. But for all n G N, condition (b) says that 
$' (r " ) (y r ")v 7^ $ i(rn) (z rn ) v , which means that either (i) $* (rn) (y rn ) v 7^ $' (r,i:) (x) v or (ii) 
$^"'(z r ") v 7^ $^ r "^(x) v (or both). In case (i), define x™ := y r ", while in case (ii), define 
x n := z r "; then we obtain a sequence {x n }^L 1 converging to x, and satisfying condition 

(EH). 
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"<^^" For any R G N, we must find some T G N such that p v {T) > R. Let x G X be 
a v-sensitive point, and let {x n }^L 1 C X be a sequence converging to x and satisfying 
condition f[T5j) . Now, there exist some n G N such that x]^ vi ^ = x B ( v ,i?); but there also 
exists some T such that $ T (x n ) v 7^ $ T (x) v . This means that $£(v) ^ B(v,i?). Let 
wj G (v) \ B(v, i?). Then there exists a directed path •-> wy„ 1 •-> w 2 •-> 

Wi v such that w t G <^* n (v) for all t G [1...T]. Furthermore, this path must have 
length L > R (even after removing repeated entries), because w-r ^ B(v, i?). Thus, 

p v (T) := (v) > |{wt, • • • , w 2 , wi}| = L > R, as desired. This works for any 

R G N; hence the function p v is unbounded. 

(b) follows immediately from (a). □ 

Let W C V be some finite subset. We say that $ is W-equicontinuous if there exists a 
finite subset Uc V containing W (called the envelope of W), such that: 

For all x, y G X, (y v = Xu ) (V(y)w = $'(x) w , Vt G n) . (15) 

We say that <3> is equicontinuous if $ is W-equicontinuous for every finite subset W C V. 
(If d is any compatible metric on X, then for any e > there is some finite subset W C V 

such that for all x, y G X, ^x w = y w j =^> ^d(x, y) < eV Likewise, for any finite DC V, 

there is some S > such that for all x, y G X, ^d(x, y) < d^j ==>- ^xu = yu j . Thus, our 

definition is equivalent to the ordinary metric definition of 'equicontinuity'). 

A topological dynamical system (X, $) is an odometer if (X, $) is an inverse limit of a 
sequence of finite, periodic dynamical systems. That is: 

(X,$) := lim{...^ (^,03)^(^2,02)^(^1,01)}, (16) 

where, for all n G N, X n is a finite set, n : X n — >X n is a cyclic permutation, and 
ir n : (X n+1 ,(p n+1 ) — >(X n ,jp n ) is a factor mappin g. _ 

For any x G X, let := {$*(x) ; t G N} be the &-orbit closure of a;; then (0^,$) 
is itself a topological dynamical system. The system (X, $) is an odometer bundle if, for 
every x E X, the system (C^., $) is an odometer. Thus, (X, $) can be decomposed into a 
(possibly infinite) disjoint union of (possible non-isomorphic) odometers. 

For example, for all n G N, let X n be a finite set, and let <ft n : Af n — >Af n be a permutation 
(possibly with multiple disjoint orbits). Suppose (X, $) arises as the inverse limit (fT6l) ; 
then (,Y, $) is an odometer bundle. 

Proposition 3.2 For all v G V, /et p v : N — >N be the propagation of § at v. 

(a) Let W C V be a finite subset. If p w is bounded for all w G W, then $ is W- 
equicontinuous. 

(b) is bounded for all v G -<=>- is equicontinuous^ . 
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(c) //$ : X — >X is equicontinuous and surjective, then (X, $) is an odometer bundle. 

Proof, (a) For all w G W, there is some R w such that p w (t) < -R w for all t G N. Let 

R := maxi? w : then R is finite because W is finite. Let U := B(W, R). 
wew v ' 

Claim 1: For all w G W, and all t G N, we have <£* n (w) C U. 

Proof, (by contradiction) Suppose <2 U. Let v G ^(w) \ U, and just as in 

the proof of Proposition 13.11 "<^^" ; construct a path from v to w of length L > R. 
Conclude that p w (t) > R. Contradiction. O ciaim 1 

Suppose xu = y-g. Then for all w G W, and all t G N, Claim 1 implies that $*(x) w = 
$*(x) w . In other words, $*(y)w = ^*( x )w) f° r all i 6 N. Thus, U is an envelope for W. 

(b) "=^" follows immediately from part (a). For "■<=", note that an equicontinuous 
system can have no sensitive points; now apply the contrapositive of Proposition 13. 1( b). 

(c) Let Wi C W 2 C W 3 C ■ • • be an increasing sequence of finite sets, with UnLi W n = 
V. For all n G N, let B n := X Wn , and let : X — >B® be as in P Let y n : = 

C #n If Un . B n — >B ® ig the shift map; t n hen an o^ n = $^ n o$. Furthermore, 

o~ n (y n ) = y n , because $ is surjective. 

For all n G N, let 7r n : X Wn+1 — >X Wn be the projection (i.e. vf n ( x w n+ i) : = x w„ f° r ah x £ 
;f). Define 7r n : ^ n+ i — >34 as follows: if y G 34+i, write y = [y*]^ where y* G X Wn+1 
for all t G N; then define 7r n (y) := [7r n (y t )]t^o- Clearly, 7r n : (X+i, a n+1 ) — >(y n , a n ) is a 
factor mapping, and (Af , $) = lim {• • ■ (3^ 3 , a 3 ) (y 2 , 02) (^i, o"i)j- 

Everything so far is true for any symbolic dynamical system. Now we use equicontinuity. 
Claim 2: For all n G N, Xi is finite and cr n : 34 — >X» is a permutation. 

Proof. Let U„ C V be the envelope of W n (a finite set). For any x, x' G X, if xu n = x{j , 
then< n (x) = <„(x'). Thus, K n (#)| < |^ J -in other words, |^ n | < |AT Un |. But 
\Xu n \ is finite because U n is finite. Thus, y n is finite. Thus, o~ n is bijective (because it 
is surjective). O Claim 2 

Thus, we have represented (X, $) as an inverse limit of finite permutation dynamical 
systems; thus, (X, $) is an odometer bundle. □ 

For example: any symbolic dynamical system with the network in Figure [1] must be 
equicontinuous. 



4 An expansive system of dimension two 

The symmetry condition in Theorem 12.71 is probably not necessary. However, some sort 
of condition is required beyond merely superlinear connectivity. To demonstrate this, we 
will construct an example of a symbolic dynamical system which is posexpansive, despite 
having connectivity dimension two. 
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■2i : (g^ @>* [30| 

— — [§} 




® — ^® — 




Figure 4: An expansive, two-dimensional symbolic dynamical system. 



Z/2 x Z/2, and let V be the digraph shown in Figure HI Let Vq be the 



Let .4 

set of vertices indicated by boxes and indexed by 



{0, 2, 6, 12, 20, ... , m fe , . . .}, where 



rrik := ^ i=0 2j. We denote the m^th square vertex by O mk . Let V be the set of vertices 
indicated by circles; then V = V n U V D . We denote the nth element of V by On- 

For any vertex v n G V, the state of v n is an ordered pair ^ n j, where a n ,b n G Z/2- 

Let X : = {a G *4. v ; b n = 0, V v„ G ¥„}. Thus, if X v is the projection of X onto vertex 
v, then we have X v = Z/2 x Z/2 if v G Vn, and X v = Z/2 x {0} if v G V . (Clearly 
h(X) > log 2 (2) = 1, and X has weak independence.) 

The local rule of each cell depends entirely upon its one or two input cells, and not on 

itself, as follows. For any On G V , we define 4> n : X n+l — >X n by n = ( a " +1 ) 

—that is, <p n simply copies the first coordinate of On+i (or □n+i) into On- 



X, 



The cell D mk is connected to both 0(m fc )+i an d 



^(fe+1) 



►A? TOfc is defined as follows: 



Its local rule 



^>m k '■ X(m k )+1 x 




1 a m (k+1) 1 




- ( 









a(m fc )+i 



(17) 



Lemma 4.1 TTie system (X, $) zs posercpetnsnJcl, itra'i/i posexpansive window {Do}- 



Proo/. Define r x : A" — >Z /2 N and T 2 : # — >Z /2 M by 



r 2 



[ao, a%, a,2, 03, CL4, 05, 
[6 , b 2 , b 6 , b X2 , b 20 , . . '. 



1 See the start of 321 for the definitions of 'posexpansive' and 'window' 
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Z /2 N x 



Thus, T := Ti x T 2 : X — >Z /2 N x Z /2 M is a bijection. Let $ := T o $ o T" 1 
Z/ 2 M — >Z/ 2 N x Z/ 2 M ; then $ is conjugate to $ via T, so it suffices to show that the 
system (Z/ 2 N x Z/ 2 M , $) is posexpansive. 

Let (a°,b°) G Z /2 N x Z /2 M be some initial state, and let (a*,b*) := $*(a°,b c 
t G N. Let J G N, and consider the sequence of the first m j states of cell O : 



for all 



ft ' ft 1 ' 



Clearly, the information in xj is sufficient to determine the values of 



a 



because for all t G N we have ai 



because $ just acts like a unilateral shift on the 



'a' coordinates. It remains to show that xj is also sufficient to determine the values of 
ft ft ft ft 

Claim 1: For any j G [1...J], and any t G [0...mj — m 
determines the value of ftL . . 



31' 



the information in xj 



Proof, (by induction on j) 

Base case (j = 1). Note that mi = 2. We are given ft ,, ftj, 
of xj. For any t G [0 . . . mj — 2], we also know the value of a 2 



, ft™ J in the bottom row 

,t+2 



can compute ft* 
mi = 2 into eqn. lflTl) yields 



ftp +1 — a 2 , because ft 



t+i 



, and thus, we 
a 2 + ft 2 , because substituting m Q = and 







at, + ft| 



Induction. Fix j G [1...J], and suppose we know the values of 6^ for all t G 
[0 . . . raj— mj). Then we know b^ 1 for all t G [0 . . .mj — ray+i)] (because mj — 
m( J+1 ) + 1 < mj — because ttiq+i) > m,,- + 1). For any £ G [0 . . . raj — my+i)] , 



we also know a* = 

m o+i) 

a* 

m l>+i) 



t+rn 
l Q 



O'+i) 



because ftfj" 1 



and thus, we can compute ft^ 
because eqn. (fT71) says 



M+i _ a t 



(i+i) ' 





m (j+i) 



3 

+ ft* 



Claim 1 



In particular, Claim 1 implies that, for any j G [1...J], the information in xj determines 
6°^. Thus, given xj, we can recover a(j, a°, a°, . . . , a° n/ and also ft ,, fo°, ftg, . . . , ft° nj . This 
works for all J G N; thus, {Do} is a posexpansive window for (A', $). □ 



Lemma 4.2 (a) $ /ias quadratic propagatioi^ (liminf (p v (t)/t 2 ) > 0) at even/ v G V n . 

t— +oo 

(b) dim v (V, •*) = 2 /or a// v G V. 



2 See equation (fT2| in Sj3]for the definition of 'propagation' 
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Figure 5: The quadratic growth of $/ n ° ' T '(D ). 



Proof, (a) We will show this at vertex D ; the proof at other vertices is similar. Observe 
that $in"' T ^(no) grows quadratically as T-^oo, as shown in Figure To be precise, for 
any T > 0, $in"'^(no) contains the cells {O , D 2 , D 6 , . . . , D^}, and also contains the 
cells Om t +s for each t G [l-.-T] and s G [1 . . . T—t]. 

(b) From (a) we have dim v (V, •->■)> 2 for all v G Vp (because |B(v, r)| > p v (r) for all 
r G N). But every vertex is downstream from some element of Vp; thus, Lemma 11.71 
implies that dim v (V, «->) > 2 for all v G V. On the other hand, it is easy to see that 
dim v (V, •*) < 2. □ 



5 Lipschitz metrics on Cantor systems 

The counterexample of §H shows that connectivity dimension is not invariant under topo- 
logical conjugacy: some systems with dimension two are conjugate to subshifts of (*4. N , a), 
and the system (A N , a) has dimension one. (Likewise, §H shows that the growth rate of 
the propagation function p is not a conjugacy invariant.) However, we will now show that 
connectivity dimension is invariant under a slightly refined notion of conjugacy, once we 
impose a suitable metric structure on the pattern space X (see Corollary 15.81 below). 

Let X be any Cantor space, and let d : X 2 — >IR + be a metric compatible with the 
Cantor topology on X. The pair (X, d) will be called a Cantor metric space. Let $ : X — >X 
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be any continuous self-map. We say $ is d-Lipschitz if there is a constant A > such that, 
for any x, x' G X, 

d($(x),$(x')) < A-d(x,x'). (18) 

In this case, d is called a Lipschitz metric for $. The smallest A satisfying eqn. (jl8p is called 
the d-Lipschitz constant of $. More generally, a Lipschitz pseudometric is a pseudometric 
d : Af 2 — >R + satisfying eqn. ([IB|l . 

Example 5.1. Let (A Y , X, $) be a symbolic dynamical system, with network (V, •-*•). For 
any v G V and A > 1, we define the pseudometric d v ,A : -4 V x -4 V — ^+ as follows: for all 
a, b G „4 V , 

d VjA (a,b) := Tjj^ > where i2(a, b) := max {r G N ; a B ( v , r ) = b B ( v ,r)}- (19) 

Then c? vA is a $-Lipschitz pseudometric with constant A. To see this, let x, x' G X. If 
i?(x,x') = r, then d(x,x') = But if i?(x,x') = r, then i? [$(x'), $(x')] > r - 1, so 
ci [$(x'), $(x')] < = A • d(x, x'), as desired. 

The pseudometric rf v A in Example l5.1l is not necessarily a true metric, unless IJ^Lo ®( v ' r ) 
= V, which is not the case unless v is downstream from every element of v. For many di- 
graphs, there is no vertex with this property. Instead, let us say that a subset U C V is an 
estuary if, for every v G V, there exists some u G U with v ~> u. For example, V itself is an 
estuary. If (V, •->) is biconnected, then any nonempty subset of V (even a singleton) is an 
estuary. More generally, if U contains at least one vertex from each biconnected component 
of V, then U is an estuary. 

Example 5.2. Let U C V be an estuary. Let c := (c u ) uG u G be a sequence of positive 

coefficients for the elements in U, such that c u < oo (this is possible because U is 

ueu 

always countable, because V is countable). Fix A > 1, and for all u G U, let d Uy \ be the 
pseudometric from Example 15.11 Define the metric d c ^\ : X x X — >W + by 

oo 

4 ;A (a,b) := ^c u d UjA (a,b). 

ueu 

Then d Ct \ is a true metric, because U^Lo®(^' r ) = ^> because U is an estuary. Also, d cX 
satisfies eqn.f fT8|) . because each of the pseudometrics d u> \ satisfies eqn.f fT8]) (by Example 
15. ip . Thus, d c> \ is a Lipschitz metric for $. We say that d Cj \ is based at U. (} 

Observe that the metric on ^4 V in Example 15.21 can be defined for any digraph structure 
on (V, •->•) (without reference to any particular map $ : ^4 V — >A Y ). Any Cantor dynamical 
system can be represented as a symbolic dynamical system, so Example !5.2l shows that any 
Cantor dynamical system admits a Lipschitz metric. Indeed, it admits many such metrics, 
because the Lipschitz constant A, the estuary U, and the coefficient system c in Example 
15.21 can be chosen arbitrarily. 
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Dimension and Entropy. Let (X, d) be a metric space. For any e > 0, a open e-cover 

is a covering of X by open sets whose diameters are each at most e. Let N e (X) be the 
minimal cardinality of any open e-cover of (X, d). We define 

:= liminf 



o log a [-log 7 (e) 

(20) 

log a [lo g/J (JV e (*))] 



and dim(X,d) := limsup r 

e ->o log Q [-log 7 (e 

(Here, a, /3, 7 > 1 are any constants, and need not be equal — the limits in (1201 are 
independent of the choice of a,/3, 7). If dim fA', <f) = dim(A , ,<i), then we refer to their 
common value as "dim^, d)" , the dimension of (X, d). Note that formula (120]) differs from 
the 'box-counting dimension' boxdim^, d) := lim e ^ -log^) by the extra logarithms. 
Also, dim(A', d) is meaningful even when boxdim(A', d) = 00. (Indeed, boxdim(A', d) 
is finite iff dim(X,d) = 1). We will now show that dim(X,d) is closely related to the 
'connectivity dimension' of the digraph (V, 

Let dim( V, •->) and dim( V, •->) be as defined in eqn. dH) of If U C V is an estuary 
for V, then Lemma 11.71 implies that 

log|B(u,r)| 

dim(V, •+) = sup limsup — - — -4 — . (21) 
ueU r ^oo log(r) 

We say (V, has uniform dimension on U if the 'sup' and 'limsup' can be exchanged: 

log|B(u,r) 



dim(V, •+) = limsup sup — - — — — . (22) 

r^oo uGU log(r) 



Heuristically, eqn. (f22|) means that the limsups in eqn. (1211) converge 'uniformly' on U. For 
example, if U is finite, then (V, •->) automatically has uniform dimension on U. 
A nonnegative sequence {c J }°2 =1 has precipitous decay if 

hi [(/ fell I °° 

lim - , -. \\ = 0, where, for all e > 0, J(e) := min < J E N ; c,- < - 

e-o ln|ln(e)| \ j^U 9 

(23) 

Let DC V and let c = (c u ) ug u be some coefficient sequence. Suppose we enumerate U as 
U = {uj}°^ ; then we can define c'j := c u . for all j E N; then we say c has precipitous decay 
if the sequence {c'}!-^ has precipitous decay. 

Example 5.3. (a) If {cj} c *L l has only finitely many nonzero terms, then {cj}°Z l has 
precipitous decay. {Proof. If Cj = for all j > J , then J(e) < Jo for all e.) 

(b) Let Cj := exp(— e- 7 ) • e J for all j E N. Then {cj} ( jL 1 has precipitous decay. (Proof. 
If F(x) := — exp(— e x ), then F'(x) = exp(— e x ) ■ e x , so Cj = F'(j) for all j E N. Thus, 
££j+i <H < /j+i <** = + !).«> J(e) < ^(-6/2) = ln[- ln(e/2)].) 
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Proposition 5.4 Let (V, •->) be a digraph, let U C V 6e an estuary, let A > 0, and let 
d = d\ ;C '■ X 2 — >~R + be a metric based on V, as in Example 15 .21 Let X C A Y be a pattern 
space. 

(a) Suppose U' := {u G U ; tk u {X) > 0} is nonempty, and let D_ := sup dim u (V, •->). 

uGU' 

Then dim(rY, d) > -D. In particular, dim(X, d) > dim(V, **). 
Let c = (c u ) ue u t/ie coefficients used to define d. 

(b) // c has precipitous decay and (V, •— >) /ias uniform dimension on V, then 
dh^(X,d) < dim"(V, **). 

(c) In particular, if V is finite, then dim(X , d) < dim(V, •+). 

Proof. Let W C V be any finite set. For all w G A^, let (w) := {x G A? ; = w} be the 
cylinder set denned by w. The collection Cw := {(w) ; w G X^} is an open cover of X. 

(a) Let 5 < D. 

Claim 1: There exists e% > 0, H > 0, and LeR sucL that, for all e G (0, ei), we have 

In (log 2 [JV e (AT)]) > ln(#) + 5 • ln(L - log A (e)). 

Proof. For any e > 0, let U(e) := {u G U ; c u > e} (which is finite because c is summable). 
For all u G U(e), let r u (e) := [log A (c u /e)J . Let W(e) := (J B(u,r u (e)). 

uGU(e) 

Claim 1.1: Let x, y G Af. If Xw( e ) 7^ yw( e ), then d(x, y) > e. 

Proo/. If x W ( e ) 7^ yw(e), then there exists u G U(e) with x B ( U) r u ( e )) ^ yB(u,r u (e))- Thus 

d{*,y) ■= V]c v d Vi A(x,y) > c u -d UjA (x,y) > -^-y > — = e, 

as desired. Here, (*) is by eqn. (TH?l) . and (f) is because r u (e) < log A (c u /e). V ciaim 1.1 

By hypothesis, there exists u* G U' with dim u »(B, •-)>) > 5. Now, lim U(e) = U 

(because c u > for all u G U), so there exists e > such that, if e G (0,e ), then 

u* G U(e). Let < H < h u *(X). Defining equations ([Tj) and (j2J) in 3D say there exists 

ln|B(u*,r)| log 2 \Xm u * r \\ 

R > such that, for all r > R, we have , . . > 5 and — —7 > H . 

ln(r) - |B(u*,r)| 

But lim r u *(e) = 00. Thus, there exists e\ G (0,eo) such that, if e G (0, ei), then 
r u *(e) > i£; hence 

ln|B(u,7v(e))| > 5 • ln(r u .(e)) (24) 

and log 2 |ArB(„.,r u .( e ))| > Lf ■ |B(u*, r u *(e))| . (25) 
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Let e G (0, ei), and let C € be a minimal open e-cover; then Claim [TTfTl implies that each 
cell of C e can intersect at most one cylinder set from the cover Cw(e) • Thus, 

N e {X) = \C e \ > |Cw( e )| = |^W(e)| > max <*B(u,n,(e)) 

uGU(e) 

> ^B(u*,r u .(e))| • 

(*) 

Thus, ]og 2 [N e (X)] > log 2 |A- B(u » iru , (e)) | > H ■ |B(u*,r u *(e))| 

(t) 

Thus, In(log 2 [iV e (Ar)]) > ln(#)+ln|B(u*,r u *(e))| 

> ln(#) + 5-ln(r u *(e)) > \n(H) + 5 • ln(log A (c u */e) - 1) 

(t) (») 

= m(tf)+5.1n(L-log A (e)), 



where L : = log(c u *) — 1. Here, (*) is because u* G U(e) because e < eo- (f) is by ( 1251) . 
(J) is by (pij) . and (o) is because r u *(e) := |_log A (c u ./e)J > log A (c u */e) — 1. O ciaim i 

We now have tim(X, d) := liminf ln 0*0)1 



e -o ln[-log A (e)] 



> Ummf ln( g )+Mn(L-lo gA (e)) = 
(t) ln[-log A (e)J 

where (*) is by setting a := e, /3 := 2, and 7 := A in definition (120]) . while (f) is by 
Claim [TJ This holds for any 5 < D_. Thus, we conclude that dim(X, d) > Z), as desired. 

(b) Fix some enumeration U = {uj}jL and define Cj := c Uj for all j G N. For all e > 0, 

00 

let J(e) be as in eqn.f TSB"]) . Let S > dim(V, •->). Let 5 := Cj < 00. 

3=0 

Claim 2: There exists ei > and constants L 1; L 2 > such that, for any e G (0, ei): 
ln(log 2 [iV e (^)]) < ln[J(e)] + L x + 5 ■ ln[L 2 - log A (e)]. 

J(e) 

Proof. For any e > 0, let r(e) := [log A (25/e)] , and let W(e) := (J B[ Vj ,r(e)]. 

j=0 

Claim 2.1: Let x, y G A\ If Xw( e ) = yw(e)j t-hen d(x, y) < e. 
Proof. We have 

00 00 

rf (x,y) : = ^2 c jdy 3 A^y) = ^Cjd^A^y) + c J d ^A^y) 

3=0 3=0 J=J(e)+l 

\ / 00 \ 

^ \^ C A \™f (t) ( d ^A^y)) + I E c i) • max (rf VjiA (x,y)) 

s w + i' 1 i H + i = l+I = e ' asdesired - 
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Here, (*) is because d Vj)A (x, y) < for all j G [O...J(e)] because XB[ Vj .,r(e)] = 

■/(e) oo oo 

x B[vj,r(£)] for all j G [O...J(e)]; meanwhile, 2_^ c 3 < ^Jc^ = S, and Cj < - by 

3=0 3=0 j=J(e)+l 

definition of J(e). Finally, (f) is because r = [log A (2S'/e)] . V ciaim 2.1 

Now, 5 > dim(V, *»), so eqn. (l22l yields some R G N such that, for all r G N: 

if r > R, then sup In |B(u, r)| < 5-ln(r). (26) 
ueu 

Now, lim r(e) = 00, so there exists ei > such that, if e G (0, ei), then r(e) > R. Let 
e G (0,ei). Claim [2][T] implies that Cw(e) is an e-open cover of X. Thus, 

J(e) 

< JJ |^B( Vj ,r(e))| • 
3=0 
J{e) 

j=0 



Thus, ln(log 2 [7V e (*)]) < ln[J( 



< 






J(e) 


< 






3=0 


< 


J(e) ■ k 


< 


J(e) • 1( 


< 


ln[J(e) 


< 

(*) 


ln[J(e) 


< 


ln[J(e) 


(t) 




< 


ln[J(e) 


(t) 




< 


ln[J(e) 



J(e) 



(vi,r(6))| 



0<j<J(e) 



+ ln(log 2 |.4|) + sup ln|B(u,r(e))| 

uGU 

+ ln(log 2 |.A|) + 5-ln(r(e)) 

+ Li + 5-ln(r(e)) 

+ L x + 5-ln[l + log A (2S/e)] 

+ Lx + 5-ln[L 2 -log A (e)], 

where L 2 := l+log A (25'). Here, (*) is by eqn. f[2"6"j) . because r(e) > R because e G (0,ei). 
In (f) we define L\ := ln(log 2 |^4|)]. Finally, ($) is because r := [log A (2S'/e)] < 

1 +log A (2S/e). O Claim 2 

In [log 2 (N € (X))\ 



We now have dim(X,d) := lim sup 



ln[-log A (e)] 
ln[J(e)] + L x + 5-ln[L 2 -log A (e)] 



< lim sup 

(t) e^O 

= 5 + lim 



ln[J(e)] 



ln[-log A (e)] 
6. 



e-,o ln[-log A (e)] (« 

Here, (*) is by setting a := e, /? := 2, and 7 := A in definition (120]) . and (t) is by Claim 
2. Meanwhile, (i;) is because {cj}'jL l has precipitous decay 
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Thus works for any 5 > dim(X, •»); we conclude that dim(A', d) < dim(X, 

(c) follows immediately from (b), because if U is finite, then clearly (V, •->) has uniform 
dimension on U, and c has precipitous decay. □ 

Let (V, •->) be a dimensionally homogeneous digraph [i.e. dim (V, •->) = dim(V, •->)]. If 
C ,4. v is a pattern space, and d : X 2 — >IR + is a Cantor metric, then we say that d is 
dimensionally compatible if dim(,Y, d) = dim(V, •+). Proposition 15 .41 suggests that for 'most' 
dimensionally homogeneous digraphs, any pattern space with nonzero entropy admits a 
dimensionally compatible metric. In light of Example 15.21 this means that 'most' symbolic 
dynamical systems admit dimensionally compatible Lipschitz metrics. For example, we 
have the following result: 

Corollary 5.5 Let (V, •->) be a dimensionally homogeneous digraph with a finite estuary 
U (e.g. a biconnected digraph). There exists a metric d on A Y such that, if X C ^4 V is any 
pattern space with h u {X) > for some uGU, then dim(X, d) = dim(V, •->). Furthermore, 
if <& : *4. v — >^4 V is a continuous map with network (♦»), t/ien $ is d-Lipschitz. 

Proof. Let d be a metric based on U, as in Example 15.21 Then dim(Af, d) < dim(V, •->) 

(*) 

= dim(V, ♦»), where (*) is by Proposition 15.4( c) and (f) is by dimensional homogeneity. 

On the other hand, dim(X,d) > dim(V, •->) = dim(V, •->), where (*) is by Proposi- 
ti 

tion 15.4( a) and (f) is by dimensional homogeneity. We conclude that dim(V, w-^) < 
dim(X,d) < dim(X,d) < dim(V, •->); hence dim(X,d) is well-defined and dim(X,d) = 
dim(V, •->). The fact that d is <3>-lipschitz was demonstrated in Example 15.21 □ 

Example 5.6. (a) Let V = Z 2 have the Cayley digraph structure induced by generating 
set B := {(±1,0)}, {(0, ±1)}. Then (Z 2 , •->) is biconnected, so any singleton set is an 
estuary. So, let o = (0,0) be the origin, and let U := {o}; set c Q = 1 and c z = for all 
nonzero z G Z 2 . 

For any r > 0, we have B(o, r) := {z e Z 2 ; \z\\ + l^l < r }- Let A = 2; then the metric 
d c x from Example 15.21 becomes the standard Cantor metric on A z : 

d(a,a') := where R := max {r 6 N ; aB( ,r) = a B(o,r)}- 

If X C ,4. z2 is any subshift with positive topological entropy, then Proposition 15.41 says 
dim(;t\ d) = dim(Z 2 , W) = 2. If $ : „4 Z — >„4 Z is any cellular automaton whose local rule 
has neighbourhood {0} U B, then $ is <i-Lipschitz, by Example 15.21 

(b) By a similar argument, if G is any finitely generated group with growth dimension 
D and a biconnected Cayley digraph structure, then we can construct a Cantor metric 
d on A G such that, if X C is any subshift with positive topological entropy, then 
dim(A', d) = D. Furthermore, if $ is any CA on X, we can design d to be $-Lipschitz. 
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(c) However, it is possible to construct zero-entropy subshifts of A with dimensions 
less than D. For example, treat A z = Ylzez-^ * n ^ ne obvious way, so that any a G A z 
has the form a = (. . . , a_ 1; a , a 1; a 2 , . . .), where 3l z G A z for all z G Z. Let ^ : = 
{(..., a, a, a,...) ; a G -4 Z } C Then h top (X) = and dim(X, d) = 1. 

Let (X, d) and (A", <i') be two metric spaces. A continuous function V : X — >X' is 
(d, d')-Hdlder if, there exist ij,Ag (0, oo) such that, for any x 1; x 2 G A", 

d'($( Xl ), $(x 2 )) < A-^x^xa)". (27) 

For example, any Lipschitz function is Holder, with rj = 1. If T is a homeomorphism, then 
we say T is (d, d')-biH6lder if both T and T _1 are Holder (possibly with different values of 
rj and/or A). 

Proposition 5.7 Let (X, d) and (X', d') be metric spaces. 

(a) Let T : X — >X' be a (d,d') -Holder surjection. Then dim(X,d) > dim(X', d'). 

(b) IfT is a (d,d')-biHdlder homeomorphism, then dim(X,d) = dim(A'',d / ). 

Proof, (b) follows from (a). To see (a), suppose T is (d, cf)-H61der, and let rj, A > be as 
in eqn.f T27|) . 

Claim 1: For any e > 0, N e (X) > N Xe v(X'). 

Proof. Let O := {Oi, 2 , . . . , Otv} be any open e-cover of X . Then for each n G [1...AT], 
the set $(O n ) is open (because <3> is an open map, being a continuous surjection onto 
a compact space), and has diameter at most Ae^ by eqn. (!27|) . The collection $(C) : = 
{$(Oi), . . . , $(O n )} together covers X', because O covers X and $ is surjective. Thus, 
$((9) is a (Ae^-diameter open cover of X' . If O is a minimal open e-cover of X, then 
N e (X) = N. Since $(£>) is a (Ae^-cover of X' with N pieces, we have N Xe n(X') < N. 

O Claim 1 

It follows that 

dMAr.o = iim M^ffl > lim 

6-0 log[-log(e)] m .-o log[-log(e)] 

Um / log[-log(Ae")] \ / log[log(iV^(^) )]- 

™ V log[-log(e)] J V log[-log(Ae")] 

= log[log(iV A£ ,(^))] = log[log(iV,(^))] = 

W log[-log(Ae»')] e'^o log[- log(e')] ' 

Here, (f) is by Claim 1, and (f) is where we make the change of variables e' = \t n . 
Finally, (*) is because 

lim log[-log(A^)] = nm log[-log(A) -ylogje)] = ^ - logW %o^) 
e-o log[-log(e)] e-o log[-log(e)] < H > 

= lim. ^° g(e) - ^ 



e->o log(A) + ^log(e) 

where (H) is by L'Hospital's rule. □ 
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It follows that the connectivity network dimension of a symbolic dynamical system is 
invariant under biHolder topological conjugacy. 

Corollary 5.8 Let (A Y , X%, $1) and (£> w , X 2 , $2) be two symbolic dynamical systems, and 
let d\ and d 2 be dimensionally compatible Lipschitz metrics on X\ and X 2 respectively (e.g. 
as given by Corollary 15. 5p . 

(a) If there is a factor mapping (^i,$i) — >(X 2 ,§ 2 ) which is (di,d 2 ) -Holder, then 
dim(V, > dim(W, ♦*„). 

(b) If (Afx,$i) and (X 2 ,& 2 ) are conjugate via a bi-Holder homeomorphism, then 
dim(V, ^) = dim(W, 

Remark 5.9. Clearly, a continuous function $ : A Y — >A Y also admits other Lipschitz 
metrics which are not dimensionally compatible. For example, let U = V in Example 15.21 If 
the coefficient system c decays slowly enough, we can make dim( v 4 v , g? c ,a) arbitrarily large. 
However, if h(X) > 0, then Proposition 15.4( a) says it is not possible to make dim(^4 v , d Ci \) 
smaller than dim(V, ♦») for any choice of c. <0 



Conclusion 

For any symbolic dynamical system (A Y , X, $), one can define a digraph structure (•->) on 
V. We have shown that certain topological-dynamical properties of (*4. v , X, $) are related 
to the connectivity (V, •->), and in particular, to its dimension. What other dynamical 
properties of (.4. Y , X, $) are influenced by the geometry of (V, 

One could also go the other way. Starting with an infinite digraph (V, «->), consider a 
randomly generated self-map $ : *4. v — >A Y , such that (♦*) is the network of $. What are 
the 'generic' (i.e. almost-certain) properties of (-4 V , $), and how do they depend on the 
geometry of (V, •»)? 

For example, $3] suggests the following conjecture: If dim(V, •->) < 1, then almost 
surely, (A Y , $) is equicontinuous. 7/dim(V, •») > 1, t/ien almost surely, (A Y , $) sensi- 
tive. (The intuition here comes from percolation theory). However, Figure H] shows that 
something more than dimension is required; this network has dimension 2, but it has an 
infinite number of cut points, so a random mapping $ with this network is almost-surely 
equicontinuous. Thus, the conjecture above must be augmented with some kind of 'regu- 
larity' condition on (V, •->). 

A closely related question: Suppose we take a system (A v , $) and 'mutate' it, by chang- 
ing the local rule at a small number of vertices. What topological-dynamical properties 
are 'robust' under such mutations, and how does this depend on the geometry of (V, •»)? 

Acknowledgments. This research began during a research leave at Wesleyan University, 
and was partially supported by the Van Vleck Fund; I am grateful to Ethan Coven for his 
generous hospitality. This work benefitted from conversations with Ethan, as well as Pierre 
Tisseur and Reem Yassawi. This research was also supported by NSERC Grant #262620- 
2008. 



27 



References 

[BS89] Bohuslav Balcar and Petr Simon. Appendix on general topology. In Handbook of Boolean 
algebras, Vol. 3, pages 1239-1267. North-Holland, Amsterdam, 1989. 

[FMM98] Michele Finelli, Giovanni Manzini, and Luciano Margara. Lyapunov exponents versus expan- 
sivity and sensitivity in cellular automata. J. Complexity, 14(2):210-233, 1998. 

[GHOO] Yuval Ginosar and Ron Holzman. The majority action on infinite graphs: strings and puppets. 
Discrete Math., 215(l-3):59-71, 2000. 

[Gro99] M. Gromov. Endomorphisms of symbolic algebraic varieties. J. Eur. Math. Soc. (JEMS), 
1(2):109-197, 1999. 

[IS91] W. Imrich and N. Sciftcr. A survey on graphs with polynomial growth. Discrete Math., 95(1- 
3):101-117, 1991. Directions in infinite graph theory and combinatorics (Cambridge, 1989). 

[Kur03] Petr Kurka. Topological and symbolic dynamics, volume 11 of Cours Specialises [Specialized 
Courses]. Societc Mathcmatique de France, Paris, 2003. 

[McC91] J. McCanna. Fractal dimensions of graphs. In Proceedings of the Twenty- second Southeast- 
ern Conference on Combinatorics, Graph Theory, and Computing (Baton Rouge, LA, 1991), 
volume 84, pages 193-210, 1991. 

[Mor95] Gadi Moran. On the period-two-property of the majority operator in infinite graphs. Trans. 
Amer. Math. Soc, 347(5): 1649-1667, 1995. 

[MW89] Bojan Mohar and Wolfgang Woess. A survey on spectra of infinite graphs. Bull. London Math. 
Soc., 21(3):209-234, 1989. 

[NR98] Thomas Nowotny and Manfred Rcquardt. Dimension theory of graphs and networks. J. Phys. 
A, 31(10):2447-2463, 1998. 

[NR99] Thomas Nowotny and Manfred Requardt. Pregeometric concepts on graphs and cellular net- 
works as possible models of space-time at the Planck-scale. Chaos Solitons Fractals, 10(2-3):469- 
481, 1999. Superstrings, M, F, S. . . theory. 

[Pet89] Karl Petersen. Ergodic Theory. Cambridge University Press, New York, 1989. 

[Shc93] Mark A. Shereshevsky. Expansiveness, entropy and polynomial growth for groups acting on 
subshifts by automorphisms. Indag. Math. (N.S.), 4(2):203-210, 1993. 

[She96] Mark A. Shereshevsky. On continuous actions commuting with actions of positive entropy. 
Colloq. Math., 70(2):265-269, 1996. 

[Tel89] Andras Teles. Random walks on graphs, electric networks and fractals. Probab. Theory Related 
Fields, 82(3):435-449, 1989. 

[Tel90] Andras Teles. Spectra of graphs and fractal dimensions. I. Probab. Theory Related Fields, 
85(4):489-497, 1990. 

[Tel95] Andras Teles. Spectra of graphs and fractal dimensions. II. J. Theoret. Probab., 8(l):77-96, 
1995. 

[TclOl] Andras Teles. Fractal dimensions and Martin boundary of graphs. Studia Sci. Math. Hungar., 
37(1-2):145-167, 2001. 



28 



